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Abstract
We present a simplified formulation of massive gravity where the Higgs fields have quadratic
kinetic term. This new formulation allows us to prove in a very explicit way that all massive
gravity theories considered so far inevitably have Boulware-Deser ghost in non-trivial fluctuations
of background metric.
1
In a series of papers we have used the Higgs mechanism to give mass to the graviton
[1], [2], [3]. The requirement of Poincare invariance imposes rather severe conditions on the
possible Higgs fields. Namely, in diffeomorphism invariant theories we are constrained to use
four scalar fields φA, A = 0, 1, 2, 3 to play the role of Higgs fields. All proposed Poincare and
diffeomorphism invariant theories of massive gravity (see refs. in recent review [4]) can be
reduced to Higgs gravity where the massive term is built out of the following diffeomorphism
invariant combinations of the scalar fields [1]
h¯AB = gµν∂µφ
A∂νφ
B − ηAB. (1)
When the scalar fields acquire vacuum expectation values, proportional to the space-time
coordinates 〈
φA
〉
= xA, (2)
their perturbations
χA = φA − xA,
around this broken symmetry background induce extra massive metric degrees of freedom.
When combined with two degrees of freedom of GR graviton (which also becomes massive
due to interactions with the background) they constitute a massive graviton. A Poincare
invariant massive graviton must have five degrees of freedom. However, four scalar fields in
general have four degrees of freedom, one of which, namely χ0, inevitably describes a ghost.
There is a unique choice of the action for scalar fields, to order h¯2, where the ghost does not
propagate around Minkowski background. This is the well-known Fierz-Pauli action [5]
Sφ =
m2g
8
∫
d4x
√−g [h¯2 − h¯ABh¯BA +O (h¯3)] , (3)
where we raise and lower indices with Minkowski metric ηAB. If we restrict ourselves to
quadratic terms and substitute in this action
h¯AB = hAB + ∂AχB + ∂BχA + ∂CχA∂Cχ
B + hµν∂µχ
A∂νχ
B (4)
then we immediately find that up to second order in h2, hχ and χ2 the field χ0 is the
Lagrange multiplier and hence has no propagator. However, in the next order there appears
the term h (χ˙0)
2
and the field χ0 starts to propagate on a background which deviates from
Minkowski background. This is the well known nonlinear Boulware-Deser ghost [6]. Because
2
one can always add to the Fierz-Pauli term the higher order in h¯ terms, there was a hope
that there is a unique (up to the total derivatives) action, which can be written as an infinite
series in powers of h¯, where BD ghost does not appear[7]. In [3] we have shown that even in
this theory the nonlinear ghost arises, but only in the fourth order of perturbation theory.
However, in [7], [8] it was claimed that using fields redefinitions this ghost could be moved
to the next orders and eventually might be canceled.
In this paper we will show that contrary to these claims the nonlinear ghost is inevitable
in any theory described by action (4) irrespective of its nonlinear extension. With this
purpose we first present a new simplified reformulation of massive gravity, where the action
proposed in [7], will depend only quadratically on φA.
Let us introduce the four vector fields eµA, which are constrained to satisfy
gµν = eµAe
ν
Bη
AB. (5)
Next we define
SAB = e
µ
A∂µφB − ηAB, (6)
which is constrained to be symmetric
SAB = SBA, (7)
implying
e
µ
A∂µφB − eµB∂µφA = 0. (8)
There are 16 constraints on the 16 fields eµA which could be solved unambiguously to de-
termine eµA in terms of g
µν and ∂µφA. This can only be done perturbatively, which in turn
implies that SAB depends on g
µν and ∂µφA nonlinearly. Let us consider the following diffeo-
morphism invariant action
S = −1
2
∫
d4x
√−gR + m
2
g
8
∫
d4x
√−g [S2 − SABSAB +O (S3)] , (9)
where
S = SABη
AB. (10)
The constraints (5) and (6) can be imposed by using the method of Lagrange multipliers
1
2
∫
d4x
√−g (τµν (gµν − eµAeνBηAB)+ 2λABSAB) , (11)
3
with
τµν = τνµ, λ
AB = −λBA (12)
We now show that the class of actions (9) is equivalent to the class of actions (3) . Consider
the matrices
S
′
AB = e
µ
A∂µφB = SAB + ηAB, (13)
and their product
S
′
ACS
′
CB = S
′
CAS
′
CB = e
µ
C∂µφAe
ν
C∂νφB = g
µν∂µφA∂νφB
= HAB ≡ ηAB + h¯AB, (14)
where the symmetry of S
′
AC imposed by constraint (7) is used. This shows that the matrix
S
′
AB is the square root of the matrix HAB and, hence,
SAB + ηAB =
√
ηAB + h¯AB
= ηAB +
1
2
h¯AB − 1
8
h¯ CA h¯CB +
1
16
h¯ CA h¯
D
C h¯DB + · · · . (15)
Substituting this expansion in (9) one can easily check that the obtained Lagrangian will be
reduced to (3) with Fierz-Pauli quadratic term (In the Appendix we show how this comes
out explicitly by solving perturbatively the equations for eµA). Moreover, the action for the
scalar fields without higher order terms O (S3) , that is,
Sφ =
m2g
8
∫
d4x
√−g [S2 − SABSAB] (16)
precisely corresponds to the theory [7], which is advocated to be ghost free[7], [8]. Now
we have rewritten this theory in a form when the scalar fields comes only to second order.
Therefore, if we can show that the scalar field φ0 becomes dynamical then there is no hope
that the ghost can be canceled in higher orders via field redefinitions. Substituting
e
µ
A = δ
µ
A + l
µ
A, φ
A = xA + χA, (17)
in (6) we get
SAB = lAB + χB,A + l
µ
AχB,µ (18)
in particular,
Si0 = li0 + χ˙i + l
0
i χ˙0 + l
k
iχ0,k, (19)
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where dot denotes derivative with respect to time and we raise and lower all indices with
the Minkowski metric. Keeping in action (16) only relevant terms and substituting there
equation (19) we find
Sφ =
m2g
8
∫
d4x
√−g [−Si0Si0 + ...] = m
2
g
8
∫
d4x
√−g [l0il0iχ˙20 + ...] . (20)
Notice that the fields χA are independent variables and lµA take care about the constraints.
If l0i 6= 0 the field χ0 propagates in a non-trivial background and there is no hope for this
degree of freedom, even in principle, to be removed by a field redefinition because there are
no higher order terms in the action which could cancel this mode (a perturbative expression
for l0i is given in the appendix).
Thus we find in a very straightforward manner that the ghost state associated with χ0
does not propagate except in a non-trivial background with non-vanishing l0i . However, on
this background there is no way to avoid the ghost. This confirms our previous result [3]
obtained through a long calculation, where the equations of motion were analyzed up to
fourth order, and proves that the nonlinear BD ghost is unavoidable in massive gravity (see
also [9]).
It is now possible to see that unlike the old non-Higgs like formulations of massive gravity,
there is no problem here with the unacceptable constraint of vanishing linearized curvature
[6]. The linearized form of equation (41) is given by
Rµν = −m
2
4
(Sµν − ηµνS) (21)
= −m
2
4
(∂µχν − ηµν∂ρχρ) (22)
where ∂µχν = ∂νχµ by symmetry of Sµν . Thus the Bianchi identity implies
0 = ∂µ
(
Rµν − 1
2
ηµνR
)
(23)
= −m
2
4
(
∂2χν +
1
2
∂ν∂
ρχρ
)
(24)
= −3m
2
8
∂2χν (25)
which is the vanishing of the Laplacian of the scalar fields χν . This is to be contrasted with
the Pauli-Fierz formulation where the Bianchi identity implies the unacceptable condition
∂µhµν = ∂νh which is equivalent to the vanishing of linearized curvature.
5
We also like to mention that there exists a special combination of higher order terms as
function of SAB
∫
d4x
√−gǫMNPQǫABCDSMA SNB SPC
(c1
3!
δ
Q
D +
c2
4!
S
Q
D
)
(26)
which could be thought of as generalization of the Fierz-Pauli form.
Appendix
In this appendix we will solve the constraints explicitly using perturbation theory to
check the consistency of the consideration above. Due to the constraints (5) and (6) the
metric can be written as
gAB = ηAB + hAB = ηAB + lAB + lBA + lAC l
BC , (27)
while the symmetry of SAB gives
(δµA + l
µ
A) (ηµB + ∂µχB)− (δµB + lµB) (ηµA + ∂µχA) = 0,
or equivalently
lBA − lAB + ∂AχB − ∂BχA + lµA∂µχB − lµB∂µχA = 0. (28)
We now solve equations for the symmetric and antisymmetric parts of
lAB = pAB + qAB, (29)
where pAB = pBA and qAB = −qBA, perturbatively. With this purpose we write
pAB = p
(1)
AB + p
(2)
AB + p
(3)
AB + · · · ,
qAB = q
(1)
AB + q
(2)
AB + q
(3)
AB + · · · ,
which being substituted in the constraint equations give
p
(1)
AB =
1
2
hAB, (30)
q
(1)
AB =
1
2
(∂AχB − ∂BχA) , (31)
p
(2)
AB = −
1
8
(hAC + ∂AχC − ∂CχA)
(
h CB + ∂Bχ
C − ∂CχB
)
, (32)
q
(2)
AB =
1
4
(hCA + ∂CχA − ∂AχC) ∂CχB − 1
4
(hCB + ∂CχB − ∂BχC) ∂CχA, (33)
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Combining these relations we find
SAB = pAB +
1
2
(∂AχB + ∂BχA) +
1
2
(lµA∂µχB + l
µ
B∂µχA) (34)
=
1
2
h¯AB − 1
8
h¯ CA h¯CB + · · · (35)
and one can continue this procedure to verify that the formal result (15) holds.
Having seen that the fields eµA depend on the fields g
µν and ∂µφA through relations that
could be only solved perturbatively, it is essential to impose the constraints through Lagrange
multipliers to get the correct equations of motion. First the gµν equation of motion gives
Rµν − 1
2
gµνR = τµν − 1
2
gµντ, (36)
and thus
τµν = Rµν . (37)
The eµA equations give
λAB∂µφB = Rµνe
νA +
m2
4
(
SAB∂µφB − S∂µφA
)
, (38)
which is a set of 16 equations, ten for the Ricci tensor Rµν and six for the antisymmetric
matrices λAB. The φA equations of motion give
∂µ
(√−gλABeµA) = m
2
4
∂µ
(√−g (SABeµA − SeµB)) . (39)
Assuming that the ”vierbein” ∂µφB = ηµB + ∂µχB has an inverse, we deduce that
λAB =
1
2
Rµν
(
eνA (∂µφB)
−1 − eνB (∂µφA)−1
)
, (40)
−m
2
4
(
SAB − ηABS) = 1
2
Rµν
(
eνA (∂µφB)
−1 + eνB (∂µφA)
−1)
. (41)
Notice that because of the symmetry of Rµν the first non-vanishing contribution to λ
AB is
of order two as can be seen by using a perturbative expansion of (∂µφB)
−1
.
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